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(Non-symmetric) Operads Classically Defined

Definition
A non-symmetric operad O consists of a sequence of sets {O(n)}pen

whose n-th entry is the set of n-ary operations, an identity operation
1 € O(1), and for all n, ki, k, ..., kn € N a composition operation

o:0(n) x [JO(k) = 0 _ ki)
=1l =1l
such that

00 (0] (91 O (011, ceny 01,()7 ceuy 0,, o (9,71, ceny 0,,, ) =
(Bg o (61,....0n)) 0 (61, --,01,, s Oy o, On))

and
Ooo(L,1,..,1)=6y =106

for all 8; € {O(n)}nen whenever the compositions are well-defined.




Algebra for an Operad

Definition

The tautological operad taut(X) on a set X is the operad whose
@ n-ary operations are Set(X", X)
@ ldentity operation is the identity map 1x : X — X

@ Composition is given by

n
o:Set(X", X) x [ Set(X¥, X) — Set(X", X) x Set(X>i*, X")
i=1

— Set(XZiki| X)

Definition
An algebra A for an operad O is a set A equipped with an operad
homomorphism & : O — taut(A).




The Category of Graded Sets

@ The category GrdSet is the slice category Set/N

The Free Monoid Monad T
T : Set — Set

ou:T2=T
0 n:lget =T

We will freely interchange the set N with T({x})



The Composition Tensor Product

Definition
Let x: X - Nand y: Y — N be a pair of graded sets. Their
composition tensor product x[ly : X(OY — N is defined by the diagram

X0y —— 5 7(v) 22 () 2 T({a))

|

T('y)

X — 2 T({*})

where ly 1 Y — {x} is the unique map from Y to the terminal one point
set. The underlying graded set XY is the pullback of x and T(!y) with
the arity function x[]y defined to be the composition along the top row.




Operads as Monoids

The product [J together with the graded set i : {*} < T({x}) gives
GrdSet the structure of a monoidal category.

Definition

A nonsymmetric operad is a monoid (X, m: XOX — X, e: {x} — X)
in GrdSet with respect to the composition tensor product [.

o/ GrdSet

(XOX)OX — X% xOxox) 28

—— XOX

it | Jm

XOX X
m

taox — o xox 2P xogs

m
GrdSet l GrdSet
N /

X



Three Induced Functors

The Change of Base Functor

Given a set map f : A — B there is an induced functor
f*:Set/B — Set/A between slice categories called a change of base
functor:

o |t takes a set map x : X — B and returns the pullback map
f*(x) : XyxfA — A of x along f

A Set/A

f Xe| fx| Nf

oy

Set/B



The Left Adjoint

Set/A

fl zfl f{ n,l

Set/B

The Dependent Sum ¥ : Set/A — Set/B

On objects the left adjoint is simply composing an object of Set/A with f
resulting in an object in Set/B.




The Right Adjoint

Set/A

fl w| e |

Set/B

The Dependent Product I : Set/A — Set/B
Let ¢ : Y — A be any morphism in Set/A. The map MN¢(¢)) : T — B is
constructed by specifying the fiber 'y, over each point b € B:

@ Vb € B consider its fiber Ap, along the map f

@ Vc € A, consider its fiber Y, along the map v

@ The fiber ', along M¢(7)) is the product H Ve

cEAp
Following this construction Vb € B gives the complete map

M= H M, — B.
beB




Internal Hom in GrdSet

—[OB : GrdSet — GrdSet
Consider b: B —+ N

~0B =%, S T(ls)"

ACIB T('8)"(a)

|

T(8) — 2 T2({}) % T({x})
T('B)

A—2 S T({*)




Internal Hom in GrdSet cont.

B Set/B
bl ZbJ, b*T nbl
N Set/N

[B,—] : GrdSet — GrdSet

The adjoint is found by taking the right adjoint of each factor in the
composition and reversing the order in which they are composed:

~0B=5%,.,Z75)T(8)"




Internal Hom in GrdSet cont.

How does T(b)*uj,, actona: A= N

T(6)u1.,(2)
(Aaxu’f*}(a) T(N)),uira)x () T(B) ————— T(B)
m T(b)
v Nz*}(a) >
Aax,u?*}(a) T(N) » T(N)
1 ‘u{*}




Internal Hom in GrdSet cont.

(AQX#?*}(E,) T(N))#?*}(Q)X T(b) T(B) — T(B)

A triple ((a, t), 3), an element of & € A whose arity is factored via the

string t € T(N), together with a word 5 € T(B) whose letters’ arities
agree with t




Internal Hom in GrdSet cont.

(Aaxuf*}(a) T(N))Mf*}(a)x T(b) T(B) — T(B)

A triple ((a, t), 3), an element of & € A whose arity is factored via the

string t € T(N), together with a word 5 € T(B) whose letters' arities
agree with t

M7 T(B)'1jq(a) : T = N
@ Vn € N consider its fiber T(B), along the map T(!g): T(B) - N

e VB € T(B), has a fiber ((A, Xy, }T(N)) (2)XT(b) T(B))p along

My (
the map T(b)* 1Y }(a)

Foi= J] ((Aaxus, TO)): %76 T(B))s
BET(B)n




Internal Hom in GrdSet cont.

(Asxpz @) T(N))uz )X 7(0) T(B) — T(B)

A triple ((a, t), 3), an element of & € A whose arity is factored via the
string t € T(N), together with a word 5 € T(B) whose letters’ arities
agree with t

M7 T(B)'1jq(a) : T = N
@ Vn € N consider its fiber T(B), along the map T(!g): T(B) - N
e V5 € T(B), has a fiber ((A, Xy, }T(N)) (2)XT(b) T(B))p along
the map T(b)* 1Y }(a)

Foi= T ((Aaxus, TON): L @)% 7(5) T(B))s
BET(B)n

KT

In [, every word 3 € T(B) of length n is paired with an element of A
whose arity factors to agree with the sum of the arities of the letters in 5



Internal Hom in GrdSet cont.

We shall denote M, T(b)*,u?*}(a) : T — N more suggestively as

H37A . [B,A] — N




Internal Hom in GrdSet cont.

We shall denote M, T(b)*u?*}(a) : T — N more suggestively as

HB,A . [B,A] — N
For 8 € T(B), such that 5 = (3155...0, with 8; € B

[B7A]n = H {((a? t):ﬂ)‘

BET(B)n

acAte T(N Zt,,T(b) =t}




Internal Hom in GrdSet cont.

We shall denote M, T(b)*u?*}(a) : T — N more suggestively as
HB,A : [B,A] — N
For 8 € T(B), such that 5 = (3155...0, with 8; € B

B,Al.= ] {((«1).5)

BET(B)n

acAte T(N Zt,,T(b)

= J[ {(a.B)leeAa(a Zbﬁ)}

BET(B)n




Internal Hom in GrdSet cont.

We shall denote M, T(b)*u’{‘*}(a) : T — N more suggestively as

HB,A : [B,A] — N
For 8 € T(B)n such that 8 = B1fa...B, with §; € B

[BaA]n = H {((a7 t),ﬂ)‘

BET(B)n

acAteT(N Zt,, B) =t}

=~ J] {(@B)acAa(e Zbﬁ,)}

BET(B)n

v

A ‘map’ v € [B, A], may be thought of as a choice of elements from A to
correspond to each string of n elements from B in such a way as to
preserve arities.



Degenerate Graded Sets

The tautological operad should be generated by a set to give classical
algebras.



Degenerate Graded Sets

The tautological operad should be generated by a set to give classical
algebras.

@ But any set may be seen as a ‘degenerate’ graded set in a canonical
way.

Definition

A degenerate graded set is a graded set concentrated in degree 0. More
precisely, it is a graded set x : X — N whose arity map factors as

x = [0]o!lx : X = {*} — N in which [0] : {x} — N is the ‘name of zero’
map which identifies the element 0 € N.




The Internal Hom Hx x : [X, X] = N

Let x : X — N be a degenerate graded set.
HX,X : [X,X] — N
For £ € T(X), such that £ = £16...6, with & € X

X Xla= T[] (((c1).8IxeX,te TN T(x)(E) =1,
€T (X)n

X(X):O:Zti:ZO}
=~ ] (eolxexy= J[ {xlxex}

EET(X)n EET(X)n




The Internal Hom Hx x : [X, X] = N

Let x : X — N be a degenerate graded set.
HX,X : [X,X] — N
For £ € T(X), such that £ = £16...6, with & € X

X Xla= T[] (((c1).8IxeX,te TN T(x)(E) =1,
€T (X)n

X(X):O:Zti:ZO}
=~ ] (eolxexy= J[ {xlxex}

EET(X)n EET(X)n

=~ Set(X", X)




The Classical Tautological Operad taut(X)

We will need the following:

X [X, =]0X = Laraset X [X, X]OX = X



The Classical Tautological Operad taut(X)

We will need the following:

X [X, =]0X = Laraset X [X, X]OX = X

X o (Tpxx0eX) : [X, X]JOMX, X]OX — X Ax : (10X = X

m : [X, X]OX, X] — [X, X] e {x} — [X,X]



The Classical Tautological Operad taut(X)

We will need the following:

X [X, =]0X = Laraset X [X, X]OX = X
% © (I x0ek) = [X, X]OX, X]OX — X Ax : {x}0X — X
m : [X, X]A[X, X] — [X, X] e: {x} = [X, X]
Definition

The tautological operad on a degenerate graded set x : X — N is the
graded set taut(X) : [X, X] — N equipped with the multiplication map
m: [X, X]O[X, X] — [X, X] and unit map e : {x} — [X, X].




Algebra for a Graded Set

Definition

A graded algebra for a (non-symmetric) operad o: O — N is a
morphism of graded sets  : O — taut(X) for some degenerate graded set
x: X —N. )

Theorem
An algebra for an operad O is an algebra for every operad P which maps to
O. In particular, an algebra for O is an algebra for every sub-operad of O.

p—~£.0-", taut(X) o601, taut(X)

p—_ "9 | taut(X) 6" taut(X)



Generalization

All of this generalizes naturally to setting of globular sets and collections.



Globular Sets

Definition
The globe category G has N as its set of objects. Its morphisms are

generated by 0, : n—n—+1and 7,: n— n+ 1 for all n € N subject to
the relations 041 00, = Thy1 00, and 0p41 © Ty = Tpt1 © Th.

Definition
A globular set is a contravariant functor G : G — Set. The category Glob
of globular sets is the category of presheaves on G.

v




Globular Sets

Definition

The globe category G has N as its set of objects. Its morphisms are
generated by o, :n—n+1and 7, : n — n+ 1 for all n € N subject to
the relations 041 00, = Thy1 00, and 0p41 © Ty = Tpt1 © Th.

Definition
A globular set is a contravariant functor G : G — Set. The category Glob
of globular sets is the category of presheaves on G.

Globular Sets

A globular set G = ({Gn}nen, {sg}, {t&}) consists of a family of sets
{Gn}nen together with source and target maps sg = {s¢ : G, — Gp—1}
and tg = {tZ : G, — Gp_1} subject to the relations sg o ng =sgo tg“

and t2 o sg+1 =tlo tg+1 in each dimension n € N.




The Free Strict w-category Monad 7 : Glob — Glob

Definition

The monad 7 : Glob — Glob takes a globular set X and returns the
underlying globular set of the free strict w-category generated by X. It
extends globular set homomorphisms in the canonical way.




The Free Strict w-category Monad 7 : Glob — Glob

Definition

The monad 7 : Glob — Glob takes a globular set X and returns the
underlying globular set of the free strict w-category generated by X. It
extends globular set homomorphisms in the canonical way.

o Consider the globular set 1 with exactly one cell in every dimension.
» We may think of the elements of 7(1) as all possible globular pasting
diagrams.



The Free Strict w-category Monad 7 : Glob — Glob

Definition

The monad 7 : Glob — Glob takes a globular set X and returns the
underlying globular set of the free strict w-category generated by X. It
extends globular set homomorphisms in the canonical way.

o Consider the globular set 1 with exactly one cell in every dimension.
» We may think of the elements of 7(1) as all possible globular pasting
diagrams.

Definition
A collection is a globular set X equipped with a globular set
homomorphism x : X — 7 (1) called the arity map.

@ The category Col is the slice category Glob/7 (1)
» This replaces numeric arities with ‘arity shapes'!



Monoidal Structure in Col
Definition

Let x: X = 7(1) and y : Y — T(1) be a pair of collections. Their

composition tensor product xOy : XOY — T(1) is defined by the
diagram:

xay 7(v) 22 72(1) - 7(1)
T(y)
X—>  7()

where 'y : Y — 1 is the unique map from Y to the terminal globular set.
The underlying globular set XOY is the pullback of x and 7(!y) with the

arity globular set map x[y defined to be the composition along the top
row.




Globular Operads

Unit for OJ
The monoidal unit for O is the collection / : 1 < T(1)

Definition
A globular operad is a monoid in Col with respect to the tensor product
0.

Degenerate Collections
The collection [id] : 1 — T (1) identifies the special infinite chain of
iterated identities created in 7 (1) when freely generating on 1
@ Any globular set A can be seen as a ‘degenerate’ collection via the
arity map:
[idlola:A—1—T(1)




Three Induced Functors

The Change of Base Functor

Given a set map ¢ : A — B there is an induced functor

©* : Glob/B — Glob/ A between slice categories called a change of base
functor:

o It takes a globular set map x : X — B and returns the pullback map
©*(x) : XyxpA — A of x along ¢

A Glob/ A
© Yo | ex| Ny

B Glob/B




The Left Adjoint

A Glob/ A
1 )
B Glob/B

The Dependent Sum X, : Glob/ A — Glob/B

On objects the left adjoint is simply composing an object of Glob/.A with
¢ resulting in an object in Glob/B.




The Right Adjoint

A Glob/ A
I
B Glob/B

The Dependent Product I, : Glob/A — Glob/B
Let ¢ : J — A be any morphism in Glob/A. The map MN,(¢) : T — Bis
constructed by specifying the fiber over each point:

@ Vb € B consider its fiber A, along the map ¢

@ Vc € Ay consider its fiber ). along the map %

@ The fiber ', along M (%)) is the product H Ve
ceA
Following this construction Vb € B gives the complete map

r::Hrb—>B.

beB




Internal Hom in Col

—0B : Col — Col
Consider b: B — T(1)

—0B =12, ZT(b)T(!B)*

7('5)"(a)

AOB 7(8) 2% 72(1) 1 (1)

T('5)

A—2——T(Q1)




Internal Hom in Col cont.

B Glob/B
bJ ):{ b{ n {
T(1) Glob/7 (1)

[B,—]: Col — Col

The adjoint is found by taking the right adjoint of each factor in the
composition and reversing the order in which they are composed:

0B = %, Z 75 T(1s)"

[B, =1 = Ny T(b) 11




Internal Hom in Col cont.

How does T (b)*uj acton a: A — T(1)

( ) :ul
(Aax s (a)T(T(l))Er %16y T (B) —>7'( )
T T(b)
g i (a) 4
Aax @ T(T(1)) »T(T(1))
|




Internal Hom in Col cont.

(AaxX i@ T(T ()@ %76 T(B) = T(B)

Once again, this map is simply second projection.

We can understand its dependent product with respect to 7(!3) by
analogy to the graded set construction.

In GrdSet
We associated to a string of n elements in B, an element of A whose arity
was the sum of the arities of the elements in B.




Internal Hom in Col cont.

(Aaxp; ) T(T (1)) i @)% 7(0) T (B) = T(B) J

Once again, this map is simply second projection.

We can understand its dependent product with respect to 7(!3) by
analogy to the graded set construction.

In GrdSet

We associated to a string of n elements in B, an element of A whose arity
was the sum of the arities of the elements in B.

v

N0 T(b) pi(a) : T — T(1)

Each o-fiber consists of all the possible ways to associate to each word
B € T(B), glued together per the pasting scheme o, a k-cell of A whose
arity shape is the composite of the arity shapes of cells in B which
compose to form f.




Internal Hom in Col cont.

We shall denote My 1,,7T(b)*pi(a) : T — T(1) more suggestively as

HB,A : [B, A] = T(].)

The tautological operad should be generated by a globular set to give the
appropriate notion of algebras.



Internal Hom in Col cont.

We shall denote My 1,,7T(b)*pi(a) : T — T(1) more suggestively as

HB,A : [B, A] = T(].)

The tautological operad should be generated by a globular set to give the
appropriate notion of algebras.

@ We again use a ‘degenerate’ globular set
x = [id]oly : ¥ =1 — T(1) to build the internal hom

HX,X . [X,X] = T(l)




Internal Hom in Col cont.

Note:The step in GrdSet at which the internal hom ‘collapsed’ when all
arities where 0, in this case still remembers the dimensions of each cell,
even if its underlying shape is in a certain sense ‘empty’.



Internal Hom in Col cont.

Note:The step in GrdSet at which the internal hom ‘collapsed’ when all
arities where 0, in this case still remembers the dimensions of each cell,
even if its underlying shape is in a certain sense ‘empty’.

HX,X : [X,X] — N in GrdSet

We associated to a string of n elements in X, an element of X whose arity
was the sum of the arities of the n elements from X.




Internal Hom in Col cont.

Note:The step in GrdSet at which the internal hom ‘collapsed’ when all
arities where 0, in this case still remembers the dimensions of each cell,
even if its underlying shape is in a certain sense ‘empty’.

HX,X : [X,X] — N in GrdSet

We associated to a string of n elements in X, an element of X whose arity
was the sum of the arities of the n elements from X.

HXJ( : [X,X] — T(l) in Col

Each o-fiber consists of all the possible ways to associate to each word

& € T(X), glued together per the pasting scheme o, a k-cell of X whose
arity shape is the composite of the arity shapes of cells in X which
compose to form &.




The Globular Tautological Operad gtaut(X)

et [X,—]0X = Lco ey 1 [X,X0X - X
ey o (L, x0ey) : [X, X]0[X, X]OX — X Ay 10X - X
m : [X, X]0O[X, X] — [X, X] e: 1 [X,X]
Definition

The tautological operad on a degenerate graded set x : X — T (1) is the
collection gtaut(X) : [X,X] — T (1) equipped with the multiplication
map m: [X, X]0O[X, X] — [X, X] and unit map e : 1 — [X, X].




Algebra for a Collection

Definition
An algebra for a globular operad o : © — T (1) is a morphism of graded
sets ¢ : O — gtaut(X) for some degenerate graded set x : X — T (1).

Theorem
An algebra for an operad O is an algebra for every operad P which maps to
O. In particular, an algebra for O is an algebra for every sub-operad of O.

P00 % gtaut(X) Oy 0 2 gtaut(X)

P & gtaut(X) @, —w(i)> gtaut(X)



Thank You
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